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Abstract. We show how quasi-continuum methods can be used to construct approximate solutions
of nonlinear differential delay equations derived from symmetry reductions of the discrete nonlinear
telegraph equation. Travelling wave solutions are proven to exist and the existence of solutions
to two other symmetry reductions are studied. Two of the less familiar reductions are studied;
the first supports both a one-parameter family of single-pulse solitary-wave-type solutions and a
one-parameter family of periodic waves. The size and shape of these waves are examined using the
quasi-continuum technique; this approximates the differential-difference equation with a higher-
order differential equation, which is integrated and analysed using phase plane techniques. In the
large-amplitude limit, the shape of the pulse approaches a limiting form which has a corner at
its peak. The manner of this approach is elucidated using matched asymptotic expansions. The
second reduction, though differing only by the addition of a single term, appears not to support the
solitary-wave type of solution—even in the limit where the additional term is premultiplied by an
asymptotically small constant.

1. Introduction

In [10] Ody et al analyse a transmission line composed of inductors (with inductance L)
and capacitors (with voltage-dependent capacitance C(V)). Denoting the electrical potential
(voltage) at the nth node by u, (), the governing equation

d du,
Lo [C(un)%] = Uyt — 2ty + Uy (1.1)

is derived. Ody et al then investigate the types of solutions supportable by the system through
seeking symmetry reductions of this system of equations. In this paper we analyse these
reductions in more detail, using quasi-continuum approximations. The relevant theory of
electrical transmission lines is reviewed by Remoissenet [11].

One reduction leads to travelling waves (u, (t) = u(n — ct) = u(z)), whose form satisfies
a nonlinear differential delay equation; whilst other reductions also lead to differential delay
equations. Here, we concentrate on the latter, more general reductions and show how analytical
methods designed for travelling wave equations can also be applied to a new scenario, yielding
both rigorous information on the existence of certain types of solutions, and approximations
to their shape.

0305-4470/00/335925+20$30.00  © 2000 IOP Publishing Ltd 5925
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We concentrate on the reductions from (1.1) to

) 2 d*w dw)’ 1,352 3
case A: a w(z)d—Z2 -2 @ = swdw(z) (1.2)
d> dw\?
case B: a’ (w(z)d_;) -2 (d—';’> ) = w(2)’ + jw'sw(z)’ (1.3)

where 82 f (z) = f(z+1)—2f(z)+ f(z — 1) is the central second-difference operator, and a is
a parameter. These reductions arise from LC (1) = u=*/3, where z = x +a/t and u = w?/#3,
which leads to case A and, z = x —atan 't and u = w3/(t2 + 1)3/2, which leads to case B.
In both of these cases the substitution ¢(z) = 3'/4a!/?/w(z) simplifies the problem. In the
former equation, this completely removes the parameter a from the problem. We shall thus
study the problems in the form:

: o o 1) _

case A: d_Z2 +6 (W) =0 (1.4)
. ¢ L[ 1 ¢()

case B: d—Z2+(S <¢(Z)3) +7 =0. (1.5)

Formally, case A corresponds to the @ — oo limit of case B, and one might thus expect
solutions of case B to yield leading-order approximations to solutions of case A in the limit
a — oo; however, this is not the case. We show that case A supports both periodic-wavetrain
solutions and solitary-wave solutions, but that case B cannot support solitary waves; however,
a small-amplitude analysis suggests that periodic solutions may exist.

The theorem proved by Friesecke and Wattis [9] rigorously establishes the existence of
solitary travelling wave solutions to (1.1) and of more general single-pulse solutions of case A
(1.2). These results are detailed in section 2, along with the non-existence of single-pulse
and periodic solutions to case B (1.3). The approximate solutions of case A are detailed in
section 3, where approximate forms for both solitary and periodic waves are constructed. The
paper concludes with a discussion of the results.

The other reductions considered by Ody ef al in [10] yield equations which are not
amenable to quasi-continuum analysis, so these equations are not considered further here. This
paper illustrates this fact in that case A is more amenable to quasi-continuum techniques than
case B, since higher-order approximations to case A can be reduced to second-order ordinary
differential equations than for case B (although this property is somewhat overshadowed and
complicated by the fact that case B does not possess solitary-wave solutions, whilst case A
does).

1.1. The quasi-continuum method

The second difference operator defined after equation (1.3) makes rigorous and accurate
mathematical analysis difficult due to its non-local form. Approximate equations can
be gained by replacing it with a local derivative operator; in the simplest and crudest
approximation it is replaced by a second derivative. The quasi-continuum approximation
technique makes use of higher-order derivatives to form more accurate approximations of
the discrete difference operator via Padé approximates. These techniques were developed in
[2, 14] to find approximate solutions to differential delay equations arising in the study of
solitary waves on lattices (for example, the Fermi—Pasta—Ulam (FPU) lattice [6]1). They are

T The work was actually carried out in Los Alamos in 1959 and initially only written up as an internal report.
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generalizations of a technique used by Rosenau [13], which replaced the system of ordinary
differential equations by a single partial differential equation, and have since been widely
applied to more general systems involving multiple delays and advances [16], and systems
with on-site potentials [17].

Formally, the technique replaces a discrete-difference operator with a high-order
differential operator, using the identity

82 = exp (3,) — 2 +exp (—d.) (1.6)
one finds

2 2 1 A4 1 a6

8 =02+ 50+ 5004 (1.7)

The simplest continuum approximation corresponds to the (2, 0) Padé approximation (82 ~
812). However, in many cases the (4, 0), the (2, 2) and even the (4, 2) approximates are solvable
and give more accurate solutions. These correspond to replacing the second-difference operator
with

(1+502) 02 (1-502)782  (1-%02) 7 (1+ 450202 (18)

respectively. In the subsequent sections we concentrate on solving the differential equations
resulting from the application of these approximate operators (1.8). See [14] for further details
of the approximation process and an analysis of its accuracy.

All the ensuing approximations that we analyse in detail are second-order autonomous
ordinary differential equations of the form ¢"(z) = F(¢(z), ¢'(2)), and are thus amenable
to phase plane techniques. The exploitation of these geometric techniques requires the
replacement of the single equation with a pair of first-order equations (¢’ = x, x' = F (¢, x)),
and then equilibrium points to be found (where ¢’ = 0 = x’). In our case, these points
correspond to constant solutions ¢ (z) = ¢, satisfying F(¢., 0) = 0. A study of the linearized
system near these points yields information concerning the structure of phase space. In the
examples studied below these fall into one of two categories: (a) centres, in which trajectories
close to the stationary point ¢(f) = ¢. form closed curves in phase space (¢'(z) versus
¢ (z2)), which correspond to periodic oscillations in ¢ (z); and, (b) saddles, where there is an
unstable and a stable direction. A saddle point in phase space will generate a solitary wave
in ¢ () if the unstable manifold meets the stable manifold smoothly, in the examples studied
here this property can be verified. Since our system is Hamiltonian, it conserves energy; the
approximation techniques we use maintain this important property, thus an energy integral can
be found, E = E(¢, x) = E(¢, ¢’). The trajectories in phase space are then level sets of
the energy function, and so it can be proven that the unstable and stable manifolds of a saddle
meet smoothly. The energy integral enables the exact location of the homoclinic connection
to be determined in (¢, ¢’)-space, and hence the problem is reduced to a first-order nonlinear
ordinary differential equation (E(¢(z), ¢'(z)) = E(¢., 0)). In (z, ¢)-space, the homoclinic
trajectory corresponds to a solitary wave, which decays to a constant in the limit 7 — o0,
where ¢ — ¢, and x = ¢’ — 0. The amplitude of the wave can be found by solving

E = E(¢o, 0) with ¢ # ¢.

2. Existence results

The existence theorem of Friesecke and Wattis [9] states that the system of ordinary differential
equations

A2 (1)
dr?

= V' (¢nr1(1)) = 2V'(9u(1)) + V' ($u—1 (1)) 2.1)
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supports travelling solitary-wave solutions satisfying the differential delay equation

A¢"(2) = V' ($(z+1) =2V (@) + V'@ (z — 1)) 2.2)

provided that the nonlinear nearest-neighbour interaction potential V(¢) satisfies: (a) the
ratio V(¢)/¢? increases strictly with |¢| for all ¢ € A where A = (—00,0) = R~ or
A = (0, 00) = R*; and (b)

V($) = 1V"(0)¢* +l¢|” +o(¢”) as ¢geA ¢—0 (2.3)

for some ¢ > 0, where V”(0) > 0and2 < p < 6 (although, it is anticipated that the condition
p < 6 can be relaxed, at the expense of a more technical proof). Supersonic (¢? > V" (0))
solitary waves of single sign then exist (¢ > 0if A = R* and ¢ < 0if A = R™). If condition
(a) holds and (b) fails, then solitary waves exist with potential energies above some threshold
(f V(¢ (2)) dz > Kjy); if (b) holds as well as (a), then it is known that Ky = 0, and so solitary
waves of arbitrarily small size exist. We now apply this result to the lattice equation (1.1) and
to the reduction to case A (1.4).

2.1. Travelling wave solutions

The travelling wave solution of (1.1) satisfies
d du
F—Cu@)— | =uz+1) —2u@) +uz — 1) 24)
dz dz

which for general functions C (1) canbe recastas (2.2) by ¢ = c (u), where ol (u) = C(u); then
Vi(p) =u = Cc- L(¢) and V (¢p) = fo Cc- '(¢) dp. We then need to check that V (¢) satisfies
the conditions of strict monotonicity and (2.3). The condition V”(0) > 0 implies C(0) > 0.
In the special case where C (u) is given by a simple power law, as in C(u) = Cy(q + l)uq we

find C(u) = Coud*! and V'(¢p) = u = [¢p/Co)"/*D, which implies V (¢) = Z:; C‘”‘qb%.

Thus for the existence theorem to apply, we need —‘5—‘ < g < 0, although we expect the result
to hold for —1 < ¢ < 0. Since V”(0) = 0, the waves exist for all speeds ¢ > 0. In these
cases ¢ and hence u — 0 as z — £o00. If ¢ < —1, as is the case in [10] where ¢ = —%‘, the

potential energy function is not compatible with decay to zero as z — Fo0.

2.2. Pulse solutions of case A

The existence theorem can also be applied to case A (1.2), proving the existence of a one-
parameter family of solutions whose amplitudes lie within certain bounds. The interpretation
of parameters differ from that given above, the result being applicable following a reformulation
of the problem. We define ¢(2) = ¢oo — $(z), with $(z) — 0 as z —> =£o00; so th/a\t a wave
¢ (z) which decays to the constant ¢, in the limits z — =00, and has amplitude ¢(0). We
define a potential energy function V(a) by

~ 1 ¢ 1
V)= ————=5 "5 535 (2.5)
20 — 9 P% 205
sothat V" (0) = 3/¢3, > 0, p =3ande = 2/¢3,in(2.3). Then V(¢)/$? is strictly increasing
on 0 < ¢ < ¢oo, Over which V(d)) and V' (¢) vary from zero to +oo. Since a solution to
equation (1.2) must be continuous and differentiable, ¢ cannot stray into the region ¢ > Poos
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hence the existence theorem guarantees the existence of a one-parameter family of solitary-
wave solutions to the problem (2.2) with ¢> > V"(0) = 3/¢% . This problem can be rewritten
in terms of ¢ (z) as

d%¢ 1
209 o ° )
<4 8 (¢(Z)3> 0. (2.6)

Thus we are mterested in the existence of a solution with ¢*> = 1, which requires ¢o, > 3'/%.

The quantity V(¢) /¢ increases monotonically for d) > 0 (and not for ¢> < 0), thus solitary
waves ¢ (z) satisfy ¢ (2) < ¢oo-

3. Form of solutions in case A

Simply approximating the second difference operator by a second derivative (the leading-order
expansion of (1.6)), we find

&2¢ & [ 1
d_z2+d_z2(¢<z)3> =0 G-D

which can be completely integrated to

1

¢(2) + pYsEie Az+B (3.2)
hence ¢ satisfies a quartic equation. It is straightforward to visualize the solution by plotting z
as a function of ¢, (z = z(¢)). This shows that, when A # 0, there is no solution connecting
the limits z — —oo and z — 400 in a continuous manner, as no value of ¢ makes the
right-hand side vanish, which is required when z = —B/A. There is only the trivial solution
¢(z) = ¢p, which satisfiesthe case A = 0, B = ¢p + 1/(}%. Thus it is necessary to use one of
the higher-order quasi-continuum expansion methods to find how solutions to case A behave.
In case A, all terms have either a second difference or a second derivative operator acting
on them. Since all continuum expansions contain a factor of 83, the approximating equations
can always be immediately integrated twice to reduce their order by two. This reduces fourth
derivative terms to second derivatives, leading to problems which are amenable to phase plane

techniques and, in some cases, complete integration.

3.1. The (4, 0) Padé approximation

In this case we approximate the second difference operator by 82 +1 8;‘ , yielding

Ld_2< ! >+¢()+(_1 )—A +B (3.3)
12d22 \ $(2)} Y\ e@r) T '

after two integrations with respect to z. We cannot deal with the fully general case, in which
both A and B are arbitrary, thus we restrict ourselves to A = 0 and describe the form of
solutions in this case, leaving B as an arbitrary constant. The substitution ¢ = 1/¢? yields

1 &y
12 dz?

So that in the (¥, ¥') phase plane there is a critical point at ({5, 0), we assign the constant B

by B = ¥ + ¥ /. This critical point is a saddle if 5 < 3734 and a centre if Y5 > 373/,
1/4

+Y @) +y ()" =B. (34)

Letting ¢pp = w;l/ 3 we gain the condition for a solitary wave to existis 0 < ¢p < 3/, where
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¢(z) — ¢p as 7z — Foo. For ¢pp > 34, periodic waves which oscillate around ¢ = ¢
exist. As ¢ varies over the range 0 < ¢pp < 00, B = ¢p + 5> covers B > 4/33/* ~ 1.755.
Since (3.3) is symmetric under ¢ — —¢, B — —B, the range B < —4/3%/* is covered by
#p < 0. Thus the range |B| < 4/3%* is not parametrized by ¢, for these values of B, there
are no critical points in the phase plane of (3.4).

3.1.1. Pulse-like solution of the (4, 0) approximation. First, we shall seek solitary pulse-
wave solutions to this equation with the property that v — ¥ < 373/ and ¥’ — 0 as
7 — =00 by substituting ¥ (z) = ¥ (1+6(z)), where 6(z) is subject to the limiting behaviour
0(z),0’(z) — 0as z — Foo. The determining equation for 6(z) is thus

1 d% 1 4

Dzt 51+ eI G

which can be integrated to

%V <d9> = 1+36() — (146 =y 60> = F6).  (3.6)

The left-hand side of this expression is clearly positive, being the product of squared terms;
we define the right-hand side of (3.6) to be F(6). Thus the only physically relevant values
of 6 are those which satisfy F(6) > 0. The function F(6) has a double zero at & = 0, with
F(0) — 0* as 0 — to00; aresult which is consistent with exponential decay in the tail of the
solitary wave. For small 6, F(0) ~ é(l — 31#243/3)92, confirming the need for ¥ < 3734,
The amplitude of the solitary wave is also determined by 8’(z) = 0, implying the existence of
another root of F(0). For large-0, the quadratic term will dominate, and make F (6) negative

(F () ~ 4/ %0 ). Since F(0) is continuous, there will be some value of 8, which we define
as 0y where F (00) = 0. Exact values for the amplitude () of the solitary-wave solution satisfy

4/3

1+260) — (1+60)*° = 03 (3.7)

which, for small {5, gives either a large positive value for 9y or an O(1) negative value, with
asymptotes 6y ~ 2y or 6y ~ —2 as Y5 — 0. For values of ¥ close to 373/* we find
small-amplitude waves, with 6y ~ 9(1 — 31//4/3)/4.

3.1.2. Weakly nonlinear solution of the (4, 0) approximation. For small-amplitude solutions,
explicit approximate solutions can be found. Expanding (3.6) in powers of 6, assuming 6 to
be small, we find

Ly (‘w) 3y H0(2)? - t6(2)° (3.8)
dz

which is solved by

6(2) = 5(1 — 3yry°) sech? (zx//Bz/*\/l - 3w§/3). (3.9)

Thus the original problem has a one-parameter family of solutions which can be approximated
by w(z) = 3"4a'?y(z)!/* when 0 < 1 — 31#2,/3 « 1, giving

1/3
w(z) = 34 }9/3[ 2(1 — 3y sech? <z1/f32/3\/1—3¢§/3)} . (3.10)
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0.9
* %
0.7
0.6
0.5
Figure 1. Graphs of the solitary-wave solution (3.10) for
27 =0.333,0.3,027,0.24,021,0.18, 0.15, 0.12, 0.09,
04 4 2 0 2 4 0.06, 0.03. The quantity w(z)/3'/*a'? = ¥ () = 1/¢
2z is plotted against z for —5 < z < 5 for the value a = 1.

3.1.3. Periodic solutions of the (4, 0) approximation. For 1//;/ IS %,no solitary-wave solution
with exponential decay in its tail exists, instead we look for the possibility of periodic solutions.
We substitute ¢ (z) = ¥p(1 +6(z)) into (3.4) with B = g + w;l/ 3 to look for solutions

which oscillate about ¥ = ¥5. Assuming 6(z) < 1, a weakly nonlinear expansion produces

1 d%0 _ -
ek (1= 193") 0@ - 3u,* o2 (3.11)

Equations of the form 8” = K@ + L#? for K < 0 are solved by

2
3Km ( V=K ) <2m—1+«/1—m+m2>
cn —

0(z) = ——— LG S
@ 201 —m +m?2 2(1 —m+m2)l/4

3m
(3.12)

where cn is the Jacobi elliptic function (see Abramowitz and Stegun [1] for details). This
formula (3.12) solves the equivalent first-order problem 6’2 = C + K> + %L93, for any
constant C. Hence (3.11) is solved by

om@yy" — 1| o[ W3- G _<2m—l+«/1—m+m2>

0(z) =

I —m+m? (T —m+mya " 3m
(3.13)

The solution in terms of the original variables, w(z), is then given by w(z) = 34y 113/ 3[l +
6(z)]'/3. This solution involves two parameters (m and v/3), and has been derived on the

basis of the amplitude of oscillation being small, that is m(3¢g/ - 1) <« 1. The solution is

sinusoidal for small values of m, but if (3 wg/ - 1) « 1 then values of m up to unity could also
be relevant. These have a longer period and a modified shape, which more closely resembles
a train of sech pulses rather than the sinusoidal oscillations which are approached in the limit
m — 0. Such situations are included in figure 2.
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Figure 2. Graphs of the periodic solution derived from (3.13) for 1//2/ = 0.35,m = 0.1-0.9in steps

0f 0.1, together with m = 0.001. The plot is of w(z)/3'4a'2 = 1/¢ = y(2)'/3 = v}/ > (1+6)'/3

against z for 0 < z < 25 inthecasea = 1.

3.2. The (2, 2) Padé approximation
The (2, 2) Padé approximation (1.8) applied to equation (1.4) yields

1 d’¢ 1

————+ +——=Az+B 3.14
a2 PO g = G
after integrating twice with respect to z. We again restrict attention to the case A = 0, and use
phase plane techniques to analyse the behaviour of the system. The system (3.14) is equivalent

to

4 _ X dx _ 12(p+¢> — B) (3.15)
dz dz

which has a critical point at x = 0, ¢ = ¢p where B = ¢p + ¢§3. The eigenvalues of this

point are A = £2,/3(1 — 3/¢%). Thus if [pg| > 3'/* then the critical point is a saddle giving
rise to solitary-wave solutions due to the smooth meeting of the unstable and stable manifolds;
if |¢p| < 3'/4 then the critical point is a centre, and we expect to find periodic solutions.

3.2.1. Pulse-like solution of the (2, 2) approximation. Equation (3.14) has a first integral

1 (do\ - _ -
g(g) =30Q)7 — 307 — $sd () — ¢ ¢ () + 3¢5 + 365" (3.16)
where the constant of integration has been set so that ¢ (z) — ¢p and ¢’(z) — 0as z — oo,
where B = ¢p + ¢53. To simplify the analysis of such a solitary wave, we transform from
¢ (z) to 6(z) by the substitution ¢ (z) = ¢p(1 +0(z)), yielding

o\ 120(z)? P 4 4
—) = 0 + 26 - D+ —3)| =: F(0). 3.17
(dz> pENTETE [650(2)° +20(2) (b — D) + (b — 3)] = F(O) G.17)
Now 6(z),0’(z) — 0 as z — +oo. Clearly the left-hand side of this expression (3.17) is
positive, and thus the right-hand side (i.e. F(6)) must also be positive. This is satisfied for
small 6 since F(0) = 0, F’(0) = 0 and F”(0) > 0. However, at the maximum displacement
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1.14

1,
0.9
0.8;
0.7

Figure 3. Graphs of the solitary-wave solution (3.19) for

} } } } } % = 3,33, 3.6, 39, 42, 45, 48, 6. The quantity

06 4 2 0 2 4 w(z)/3Y4a'? = 1/¢(z) is plotted against z for —5 < z <

z 5in the case a = 1.

of the solitary wave which we define as 6, = 6(0) we must again have 6’(0) = 0 and so
F(6y) = 0. Thus 6 is determined by solving F(6y) = 0 with 6y # 0, which has two negative
roots, of which the larger (least negative) determines 6y, namely

=05 —1+¢5°\/1+5" (3.18)

Solitary waves occupy the region 6y < 6(z) < 0. Equation (3.17) can be solved implicitly,
giving z = z(9)

0802 +200% — D+ @h — D +e50+@h - D] 2
Jives N
Joh = 36562 42004 — 1)+ @ —3) + (9 —3) +6(65 — 1)

0,/1+¢%

+24/32(0) = log

x log

(3.19)

and these curves are plotted in figure 3.

3.2.2. Weakly nonlinear solution of the (2, 2) approximation. When 0 < ¢>4B —3 K 1, the
amplitude 6y is small and so weakly nonlinear analysis is once again appropriate. We thus
neglect O(6*) terms which reduces equation (3.17) to

do\*  1260(z)
(d_z> = 22 (04 - +4000) (3.20)

which can be solved explicitly by

0(z) = —1(¢3 — 3) sech? (z¢32,/3(¢;§ - 3)). (3.21)

This implies that the solution in our original variables w(z) is given by

—1
w(z) = 5 [1 — (¢} — 3) sech? <z¢§2\/3(¢>43 — 3))} (3.22)
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which overestimates the amplitude determined by the implicit solution (3.19); however, the
errors are vanishingly small in the small-amplitude limit.

3.2.3. Large-amplitude solution of the (2, 2) approximation. ~We now tackle the harder
problem of approximating the more strongly nonlinear problem of finding solitary waves of
larger amplitude. We return to the (2, 2) Padé formulation of the problem given in (3.17). For
large values of ¢ 5, equation (3.18) implies that the amplitude is given by

1

o~ —1+ — (3.23)
B
It is then possible to find the shape of the solution asymptotically, by rewriting (3.17) as
do\? 3426
(_> = 120(z)’ <1 - 4—@) (3.24)
dz ¢l +6(2))?

First we examine the ‘inner’ problem, that is the behaviour of the solution near its
maximum, by following the scaling for 6(z) suggested by (3.23) and substituting 6(z) =
—1+¢) /¢123 with ¢ = zoz where zj is to be determined. To leading order in 1 /q’)g we find

2 2
, d 1
0 (_¢) —1-—. (3.25)
12¢% \ d¢ (2)

Thus the natural scaling for the independent variable is zg = 2\/§¢123, which leads to the inner
solution ¢(¢) = /1 + ¢2. In terms of the outer variable this can be written as

J1+ 124322
X (3.26)

0(z) =—1+
#5
To leading order in the outer variables thisis 0;(z) = —1+ V/12|z|. Thus in the outer variables,
the solitary wave appears to develop a corner as the maximum height of 6 = —1 is approached.

We now turn to the ‘outer’ problem, away from the region where 6 ~ —1, the leading
order determining equation is (d6/dz)?> = 1262, which is solved by 6(z) = K exp(£+/127)

in z < 0 for some constant K. These two solutions match when K = —1, since a Taylor
expansion of 8(z) = —exp(—+/12|z]) for small z agrees with the inner solution expanded to

terms in the outer variables (the function 6; (z) quoted above). In terms of the original variables,
the outer solution is

L ¢s
@) ¢ — (¢ — De V2

w(z) = (3.27)

3.2.4. Periodic solutions of the (2, 2) approximation. Finally, in our studies of the (2, 2) Padé
approximation, we note the existence of periodic waves when ¢3 < 3. In this case we again
use the substitution ¢ (z) = ¢p(1 + 6(z)), but now we assume that ¢ oscillates around ¢p so
that 6 (z) takes both positive and negative values. A small-amplitude expansion of (3.14) gives

1d29_9 1_3 66(z)> 38
e =00 (1 55) % o

which is solved by the cnoidal wave (see 3.12)

by = B0 | 2/3G¢5" = 1) _<2m—1+m>

AT —m+m? (A —m+mya " 3m

(3.29)
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The solution in terms of the original function w(z) is then determined by w(z) = 1/¢p(1+6(z)).
Since the solution (3.29) was derived using a weakly nonlinear expansion, it is only valid for
small-amplitude waves. However, this does not simply mean small m, where the waves reduce
to small perturbations of sinusoidal oscillations. For 0 < 3 — ¢4B <« 1, even solutions with
larger m will have small amplitude, and thus display a longer time period and non-symmetric
oscillation.

3.3. The (4, 2) Padé approximation

Using the last and most accurate approximation from (1.8), our equation reduces to

_ ld2¢) 1 1 d? 1 _ 4 B 330
() %d_zz+_¢(z)3 +Ed—zz<g>— Z+ (3.30)

and, as in all previous analyses, we shall only consider the case A = 0. Both the (4, 0)
and the (2, 2) Padé approximations correctly handle fourth derivative terms, whereas this

approximation also includes the effects of sixth derivative terms correctly. We rewrite the
constant B as ¢p + 1 /d:g, so that (3.30) can be rewritten as

i“2_¢<z+ ? )—i<d—¢>2+¢ ~9@) oy — L= 0. (33])
60d2 \" o) Ses\ae) T T T T T

Phase plane techniques then allow us to categorize the system’s behaviour into two cases: for
¢% > 3 we have a saddle point with a homoclinic trajectory joining the stable and unstable
manifolds of the saddle point, thus ¢ decays to ¢ exponentially in its tail and the homoclinic
trajectory corresponds to a single pulse-like solution; when ¢>4B < 3thereis aperiodic wavetrain
which oscillates about ¢ = ¢p. In both cases the integrating factor 2 + 9/¢ (z)* enables the
first integral of (3.30) to be found

_ 1 (dg)? 9\ L, 1l 3
E= 120<dz> <2+¢<z>4> P 2R T 2pr

1 3 1
+2¢(2) ((bB + E) e <¢B + E) (3.32)

The problem of finding the shape of the solitary wave or the nonlinear periodic wave now
reduces to finding the appropriate value for E and then carrying out quadrature.

3.3.1. Pulse-like solutions of the (4, 2) approximation. Following the techniques adopted
in the previous analyses, we substitute ¢(z) = ¢ (1 + 6(z)), which implies that 6,6 — 0
as z — Fo00. The critical value for £ which generates a solitary-wave solution is found by
letting ¢(z) — ¢p and ¢'(z) — 0 in (3.32) yielding £ = ¢123 + 9/2(;5%3 - 3/2(]5%. With this
value of E, equation (3.32) reduces to

o (&) ( sgiarn)
- | — 2+ -
120 \ dz dp(1+0(2))*

5 3-70(z) —40(2)>  3(3+30(2) +0(2)%)?
=0(2) (1 +— - ) - )
2¢(1+6(2)) 205(1+0(2))
= : F(0). (3.33)
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The next logical stage of the calculation is to find the amplitude of the solitary wave, 6y, by
solving F(6p) = 0; unfortunately this is not possible since it yields a sixth-degree polynomial.
F (6y) = 0 can, however, be solved implicitly for ¢>4B as a function of 6y, giving

4 (1 +6p)° ( 2 \/ 2 3 4 )
=— ———(3-T76)— 465 +/5(45 + 786y + 7765 + 406; + 86 3.34
5 = G+ 300+ 007 0= 4+ 3 0+ 7765 + 406 +8%) 639
which can be plotted and shown to give a unique value of 6, for each value of ¢ > 3'/4. This
enables (3.33) to be rewritten as an integral for z = z(0)

¢t (% 21 +u)* +9¢;*1du
z(0) = .
VIS e a4 u)\/zqsg(l + 1) + ¢4 (3 — Tu — 4u)(1 +u)3 — 33 +3u +u?)?

(3.35)

3.3.2. Weakly nonlinear solution of the (4, 2) approximation. ~ Although it is not possible to
convert (3.35) into an explicit solution, we can find an explicit approximate solution when the
nonlinearity plays only a weak role in the behaviour of the system. In this limit, the right-hand
side of (3.33) can be replaced by the first two terms of its Taylor series for small 6, which leads
to

2 4 2 4
(d@) _ 60(¢5 —3)0 [1+ 40(14¢% — 27) } (3.36)

dz Q2¢5 +9) (@5 — 3205 +9)
This equation is solved by

(5 =3P +9) (qsé —3>
0(z) = 4149 —27) sech” | z./15 20i+9)) (3.37)

Plots of this function for a range of values of ¢p are shown in figure 4. Note that the more
accurate quasi-continuum approximation has yielded wider, smaller pulses than the other
weakly nonlinear solutions (3.9) and (3.22). This solution is closer to the fully nonlinear
solution (3.19) of the (2, 2) approximation pictured in figure 3 than the (4, 0) approximate
(3.10) graphed in figure 1.

3.3.3. Large-amplitude solution of the (4, 2) Padé approximation. We now turn to tackle
the more complex case where the waves are of larger amplitude, and hence suffer stronger
nonlinear influences. We consider the large-amplitude limit, where ¢ > 1, equation (3.33)
implies the amplitude 6y = 6(0) is determined by

N
6o ~ —1 T —=- 3.38
o +(J§+ﬁ i (3.38)

We first study the ‘outer’ problem, adopting the scaling of 6(z) = —1 + O(1), we find the
leading-order equation (d6/dz)? = 3062 from (3.33), which has the solution

0(2) = — exp (—«/ﬁ (Iz| — zo)) (3.39)

for some constant zo > 0 which will be determined later through the procedure of asymptotic
matching as in section 3.2.3. The solution (3.39) cannot be globally valid, since it is not
differentiable at z = z(, and, whilst 8 can approach —1, it can never equal —1. We assume
that the solution is even (¥ (—z) = ¥ (z2)), and consider its form in z > 0 only.
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Figure 4. Graphs of the solitary-wave solution (3.37)

0.65 for ¢4 = 3.3, 3.6, 3.9, 42, 45, 4.8, 6. The quantity

8 6 4 50 2 a6 8 w®@/3Y*a'? = 1/¢(2) is plotted against z for —9 <
z z < 9inthecasea = 1.

The solution (3.39) is valid only, whilst § remains an O(1) amount above —1; as z — zj,
anew ‘intermediate’ region is entered. Expanding (3.39) for small z — zo we find

0(z) = —1 ++/30(z — z0) as z— z; (3.40)
so as to match with this, the intermediate region must be defined by 6(z) = —1 + ¢(¢)/¢%

with { = z¢%. The exponent ¢ is found by balancing terms in (3.33), leading to ¢ = 1, and
providing the equation

1 (de\* 9\
i) (2+) =1 G4b

for ¢(¢), which is solved implicitly by ¢ (¢) = &y % (¢ — 3/2¢>)/+/30. In terms of the outer
variables, this can be written as

1 3
z(0) =z0 £ m<1+9 2¢§(1+9)3>. (3.42)
Matching the 1 +6 > 1/¢p limit of (3.42) to the intermediate limit of the outer solution given
in (3.40) enables the constant {y = zo¢p to be assigned and the + sign to be determined as
positive.

Clearly the solution (3.42) moderates the approach of 6 to —1; however, a third region,
which we shall term the ‘inner’ region, is needed to account for the peak of the wave. Taking
the limit & — —1 of (3.42), we find that in the matching region between the intermediate
region and the inner region we must have

\/5 1/3
f=—14—on-—] . 3.43
¥ (2\/1_0¢4B(ZO—Z)> G4

Following this scaling, which agrees with the expression for the amplitude given in (3.38), we

adopt the inner variables 6(z) = —1 + $(¢)/ ¢4B/ 3 with ¢ = z and thus derive
27 (d9\’ 5 e ams 3
(L) = +3° — 3 3.44
20 ( G ) 9 (@°+39° - 3) (3.44)
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from (3.33). Again, no explicit solution is available, only the implicit solution

@ = f/w\/m

where @ is defined by @y = (v/3/(v/3++/5))'/? from (3.38). The solution (3.45) has a smooth
peak, as can be seen by taking the limit ¢ — @y. The solution (3.45) also matches to (3.43)
as ¢ — +00, since

(3.45)

~ - V3 .
~{— ——— as — 00 3.46
&~ 205 ¢ (3.46)

where

T = (36/2\@) ffo d@‘/&,/aﬁ £33 -2
[44)

which Maple evaluates as approximately 0.5493. Rewriting (3.46) in terms of the outer
variables yields (3.43) along with zg = .

To summarize, the inner solution shows that the peak of the wave is differentiable and has
a zero derivative. The intermediate region shows that the width of the pulse is approximately
2z0 = 1.10, as one would expect in a lattice equation where the nodes are spaced at unit
intervals. The outer solution shows exponential relaxation to the stable equilibrium solution
of ¢ = ¢p. Thus the method of matched asymptotic expansions enables us to approximate the
form of large-amplitude pulse solution for the (4, 2) Padé approximation, however, the added
accuracy of this approximation has the cost of a more complicated asymptotic structure than
the (2, 2) Padé approximation analysed earlier.

3.3.4. Periodic solutions of the (4, 2) approximation. 1In the case ¢j < 3, substitution of
¢ (z) = ¢pp(1 +6(2)) into (3.31) followed by an expansion for small 6 leads to the equation

E 9 3 1 [/do\? 9\?2 726(2)
s (o) (-2
¢ 204 292 120 \ dz o 204 +9

0(2)? ( 9 ) ( 3 ) 20(z)3 ( 27)
+ 24— || —F—-1)+ 4 - — 3.47
2 o5 /) \op o3 % G40

where E is a constant of integration. For small-amplitude disturbances 6/(z), this formula has
the form E = 6'?+»?62, for some constant of integration E, indicating the existence of periodic
solutions. However, for larger-amplitude oscillations, correction terms of the form 0’20 as
well as 63 are introduced. In previous approximations only the latter has appeared, leading to
waves which can be expressed in terms of the Jacobi cnoidal function. The additional 626 term
complicates the equation to an extent where it is not possible to write down an explicit solution
even in the weakly nonlinear case. At small amplitude, the periodic oscillations 8 o cos(wz)
have frequency given by

15(3 —¢4B).

26549 (3.48)

Thus in this section we have seen that the quasi-continuum approximation method produces
a sequence of approximate solutions for the equation referred to as case A in (1.4). These
approximate solutions are consistent in form, all producing periodic solutions in the case
¢4B < 3 and single-pulse solitary waves in the case ¢4B > 3.
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3.3.5. Higher-order approximations. Even higher-order Padé approximates could be used,
but lead to higher-order differential equations, which cannot be analysed to the same level.
For example, in case A, the (6, 0), (4, 2) and (2, 4) Padé approximates yield the fourth-order

equations
1 d* /1 1 d* /1 1
%@(&)JrE@(g) ¢3+¢ Az+ B (3.49)
13 d* /1 d2 11 @
1 d'¢ 1d% 1
M0d  12dz Pt TAtB 3.51)

in which the existence of the homoclinic connection is not easy to demonstrate since the phase
space is now four dimensional. Yet such a detailed analysis is essential to gain information on
the single-pulse solitary-wave solution.

4. Case B

We turn now to case B and again seek single-pulse solutions and periodic-wave solutions using
continuum methods to generate approximate solutions. The simplest continuum approximation
replaces the second difference operator by a second derivative to yield

d2¢ 3 12 (dp\* ¢
@(1—¢(Z)4)+¢(Z)5 (E) e =t @D

However, let us first analyse the differential-difference equation (1.5); we assume the existence
of a single-pulse solution of the form ¢ (z) = ¢ + ¥ (z) With ¥ (z), ¥'(z) = 0 as z - £oo.
In this limit, and for ¢, # 0, equation (1.5) leads to

¢OO '(p (Z) " 2 _3¢ (Z)
2T +y () + 6( pry >_0. 4.2)
By considering z — 00, we see that there is no non-zero value of ¢, which satisfies (4.2).
Thus if a single-pulse solution exists it must satisfy ¢(z) — 0 as z — =Fo0. For special,
isolated values of the parameter a, it is possible to find an exact explicit solution for (1.5) in
the form of a single pulse. We return to the formulation given in (1.3), and note that a pulse
satisfying ¢ (z) — 0 as z — o0 corresponds to a solution in which w(z) — oo asz — Fo0.
If we assume that a solution grows according to a power law, w(z) ~ woz" as z — 00, then the
only value of n which balances all the terms in (1.3) as z — oo isn = 2. Since the equation is
invariant under translations inz(z — z+z0), we assume a solution of the form w(z) = Az*>+C,
leading to A = — 10, C = 8(6a — 1); equation (1 3) is then satisfied only if the parameter
a is a root of 7 — 120a? + 450a* = 0, yielding a’ = 30 [4 + «/_] ~ (0.18047, 0.086 19. For
these special values of a, we have the explicit approximate solutions

w@) = —h@—2)— 52+ if & =L@4-V2) 4.3)
w@) =5 -2+ 5W2-1  if a’=5@+v2) (4.4)

validin the large z—zo regions. Only the first of these two is well defined in the ¢-formulation of

the problem, since the latter contains divergences at z —zg = :I: 1 ++/2 where w(z) = 0. In
terms of ¢ (z), the former’s shape is that of a single pulse which decays according to ¢ (z) ~ 772
as z — +oo.
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Considering now the simplest continuum approximation (4.1) with the assumption
¢(z) > ¢p as z - £oo, we immediately find ¢ = 0. In this case, (4.1) can be integrated to

2 d 2 3 2
% (d—f) (1 - W) =E— 30’ - 3@ 45)

for some constant of integration, E. Whatever value of E is chosen, a contradiction becomes
apparent in the limit z — oo, since in this limit ¢ — 0 so the right-hand side is negative,
whereas the left-hand side must be positive since it is the product of squared terms. Thus no
pulse-type solution can exist in this continuum approximation of case B.

We turn now to the possible existence of nonlinear periodic-wave solutions of (4.1). Since
any such solution must also solve (4.5) we look for the maximum (¢ = ¢,) and minimum
(¢ = ¢_) values of a solution by putting d¢ /dz = 0 in (4.5). This implies that ¢, both satisfy
the equation

0=¢*—2E¢*>+3. (4.6)

This quadratic has two real roots (¢i = E £+ VE? —3), thus for E > /3 there are real
distinct non-zero values for ¢.. In particular, if put £ = V3 (1 +¢) with e < 1, we find
¢ = /3(1 = +/2¢). This suggests the presence of oscillations around ¢ (z) = +3'/4, with

br = /V3(1++/2¢) and ¢_ = \//3(1 — +/2¢), hence we substitute ¢ = +3/4(1 + 6(z))
with & = O(¢'/?). When ¢(z) = £3'/4, both the coefficient of ¢’(z)? in (4.5) and the
coefficient of ¢”(z) in (4.1) vanish, suggesting that oscillations around these points do not

have the usual sinusoidal shape that one would expect from a leading-order small-amplitude
expansion. Instead, at leading order we find & = 202 + 8a%6%(6’), whose solution is

_ 2a2e — (7 — 20)?
0) = £ T S @7

Positive and negative sections of this solution can be pieced together to form an oscillatory
solution whose gradient diverges in the limit & — O (that is, at z — z9 = £a~/2¢).

\/Zazs — (z — z0 — 4an~/2¢)?

4q?
if (4n—1)av2e <z —2z9 < (dn+1)av2e for some n € Z
0(z) = (4.8)
\/2a2s — (z —z0 — a(dn +2)+/2¢)?
4q?

if (dn+1)av2e <z —2z9 < (dn+3)av2e for some n € Z.

5. Conclusions

We have been able to analyse case A (1.2) using a variety of approximation techniques. The
standard continuum approximation yields no solution on the whole of z € R. A similar result
was found when analysing case B (1.3) using the standard continuum approximation, namely
that no solution to the equation could be found. When higher-order continuum approximations
are applied to case B, its structure leads to more complicated approximating equations than
case A, since the resulting differential equations are of higher order than case A, and cannot
be solved explicitly.
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Figure 5. Graphs of the periodic-wave solution (from equation(4.8)) for case B; 6(z) is plotted
against z for a = 1, the larger-amplitude oscillation corresponding to ¢ = 0.2, and the smaller to
e=0.1.

Higher-order approximations of case B can be derived by using more accurate Padé
approximations to the second central difference, such as those quoted in (1.8) which generate
the (4, 0), the (2, 2) and the (4, 2) Padé approximate equations

¢ d? 1 1 d* /1
0= iz (00 5)  maa (7) ey
¢ & <¢ 1) 1 d% 1 d%

i (pr—~) -2 _°° 52
a?  dz? @3 1242 dz2 12 dz* (5-2)

0_¢+d2 ¢+1 +ld4 1 1 d% 1 d% 5.3)
a? dz? ¢3)  20dz4 \ @3 30a2 dz2 30 dz* '

respectively. Unfortunately it has so far proved impossible to make analytical progress with
these equations, since they are all fourth-order ordinary differential equations. However, direct
asymptotic analysis of case B has yielded a non-existence result for solitary-wave solutions for
general values of the parameter a. Hence it is unlikely that quasicontinuum approximations
will yield solitary-wave solutions. More accurate periodic-wave solutions may be obtainable
from (5.1)-(5.3), and it is expected that in the limit @ >> 1, the periodic-wave solutions of
cases A and B would be similar.

The more advanced, quasi-continuum approximation techniques are effective in case A,
and when one of the constants of integration is set to zero, solutions can be found. These are
explicit solutions in the case of weak nonlinearity and implicit solutions for the more general
cases of arbitrary nonlinearity. These methods include higher derivatives which account for
the discreteness and yield both pulse-type solitary-wave and periodic-wave solutions to the
equation. The most accurate quasi-continuum approximation (the (4, 2) Padé) yields broadly
similar results to the two simpler approximations (the (2, 2) and (4, 0) Padé). All three of the
higher-order quasi-continuum approximations yield a second-order autonomous system, which
can always be integrated to give the solution implicitly. Thus quasi-continuum approximations
are useful in illustrating the form of solutions in cases where a simple continuum limit produces
an insoluble equation.

Our results show that there is a critical value of the constant of integration B, namely
2, below which there are no non-trivial solutions. For values of B greater than 2, phase

0=
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4 2 0 2 4

Figure 6. Graphs of the function w(z)/3'/4a!/? against z, for the case a = 1, ¢ = 3.5'/4. In
increasing amplitude, the curves are the weakly nonlinear (4, 0) approximation (3.10), the weakly
nonlinear (4, 2) approximation (3.37), the full (2, 2) approximation (3.19) and the weakly nonlinear
(2, 2) approximation (3.22).

plane analysis shows the existence of two critical points, one of which is a centre and the
other a saddle. Periodic solutions correspond to oscillations around the centre, and there is
a saddle with a homoclinic connection corresponding to a pulse-type solitary-wave solution.
Our analysis has concentrated on the two cases ¢p < 3'/4 and ¢ > 3'/4 separately, where
B = ¢p +<;51§3 . Yet for any given value of B, there are two values of ¢ satisfying this equation,
one lying either side of 3!/4. Thus the centre and saddle exist in the same system, as illustrated
in figure 7.

A comparison of the various methods is shown in figure 6. This shows that the largest-
amplitude approximation is the weakly nonlinear (2,2) Padé approximation (3.22); the
smallest-amplitude waves are the weakly nonlinear (4, 0) Padé and (4, 2) Padé approximations,
(equations (3.10) and (3.37), respectively). Of these two, although the (4, 2) Padé is slightly
larger, the (4, 0) Padé is slightly wider. Between the three weakly nonlinear solutions is the
full (2, 2) Padé approximation, which we expect to be more accurate, since it accounts for
the full nonlinearity. Comparison with numerical work has been made previously, Eilbeck
and Flesch [5] have constructed sophisticated numerical solutions to such differential delay
equations in the past, and quasi-continuum approximations tested against them demonstrating
the accuracy of the method [14]. The ability to resolve subtle, higher-order, effects has also
been reported, for example anisotropy in multi-dimensional lattices, where numerical work of
Eilbeck [4] can be compared with quasi-continuum results [15].

The existence of solutions to quasi-continuum approximations does not rigorously prove
the existence of solutions to the original system, but they do give a strong indication of the
form of solutions assuming existence. They are thus useful for providing initial estimates for
numerical schemes should a highly accurate numerical solution of the equations be desired.
Rigorous existence results are available [9], and we have modified these results to show how
they may be applied to the cases under consideration here. We have not addressed the stability
of the waves, but numerical work on travelling waves in FPU lattices suggest they are stable
[7]. The rigorous work of [9] is currently been extended by Friesecke and Pego [8] with the
aim of analysing stability. These methods rely on the variational formulation of the problem,
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Figure 7. Graphs of the constant B = ¢p + ¢§3 against the position of critical point ¢p (thick
curve); indicating that when ¢p < 3'/4 & 1.3 the critical point at ¢ = ¢p is a centre and has
periodic trajectories encircling it; and when ¢ > 3!/% the critical point at ¢ = ¢p is a saddle with
a homoclinic connection which encircles the other solution of B = ¢p + ¢>E3.

which can itself be used to generate approximate solutions; see, for example, Duncan and
Wattis [3] for details.

Our large-amplitude asymptotic approximations to solitary waves have elucidated the
approach of solitary waves to a limiting form which has a corner at the wave’s peak. This
behaviour has been noted before, most famously in the Stokes waves of maximum amplitude
[18], but also in similar lattice systems, for example, the experimental electrical transmission
lattice of Remoissenet and Michaux [12] for which solitary waves with corners have been
calculated numerically by Eilbeck [4]. We have constructed matched asymptotic expansions
of the waves in this strongly nonlinear regime, and so elucidated the manner in which this
special solution is approached.

Acknowledgments

I am grateful to Professor Alan Common for helpful discussions, and comments on the
manuscript. My thanks also go to the referees for suggesting improvements to the manuscript.

References

[1] Abramowitz M and Stegun IA 1972 Handbook of Mathematical Functions (New York: Dover)

[2] Duncan D B, Eilbeck J C, Feddersen H and Wattis J A D 1993 Solitons on lattices Physica D 68 1-11

[3] Duncan D B and Wattis ] A D 1992 Approximations to solitary waves on lattices, use of identities and the
Lagrangian formulation Chaos Solitons Fractals 2 505-18

[4] EilbeckJ C 1991 Numerical studies of solitons on lattices Nonlinear Coherent Structures in Physics and Biology
(Lecture Notes in Physics vol 393) ed M Remoissenet and M Peyrard (Berlin: Springer) pp 143-50

[5] Eilbeck J C and Flesch R 1990 Calculation of families of solitary waves on discrete lattices Phys. Lett. A 149
200-2

[6] Fermi E, Pasta J and Ulam S 1974 Studies of Nonlinear Problems I (Lectures in Applied Mathematics vol 15)
pp 143-56



5944 J A D Wattis

[7]
(8]
[91
[10]

[11]
[12]

[13]
[14]

[15]
[16]

[17]

[18]

Flytzanis N, Malomed B A and Wattis J A D 1993 Analysis of stability of solitons in one-dimensional lattices
Phys. Lett. A 180 107-12

Friesecke G and Pego R L 1999 Solitary waves on FPU lattices I: qualitative properties, renormalization and
continuum limit Nonlinearity 12 1601-27

Friesecke G and J A D Wattis 1994 Existence theorem for solitary waves on lattices Commun. Math. Phys. 161
391-418

Ody M S, Common A K and Sobhy M 11999 Continuous symmetries of the discrete nonlinear telegraph equation
Eur. J. Appl. Math. 10 265-84

Remoissenet M 1994 Waves called Solitons. Concepts and Experiments (Berlin: Springer)

Remoissenet M and Michaux B 1990 Electrical transmission lines and soliton propagation in physical systems
Proc. CMDS6 Conf. (Dijon) ed G Maugin (London: Longman) pp 313-24

Rosenau P 1986 Dynamics of nonlinear mass spring chains near the continuum limit Phys. Lert. A 118 2227

Wattis J A D 1993 Approximations to solitary waves on lattices, II: quasi-continuum approximations for fast
and slow waves J. Phys. A: Math. Gen. 26 1193-209

Wattis J A D Solitary waves on a two-dimensional lattice 1994 Phys. Scr. 50 238—42

Wattis J A D 1996 Approximations to solitary waves on lattices, III: the monatomic lattice with second neighbour
interactions J. Phys. A: Math. Gen. 29 8139-57

Wattis J A D 1998 Stationary breather modes of generalised nonlinear Klein—Gordon lattices J. Phys. A: Math.
Gen. 31 3301-23

Whitham G B 1974 Linear and Nonlinear Waves (New York: Wiley)



